The free vibration analysis of functionally graded beams (FGBs) and frameworks containing 
Introduction
In recent years interest in functionally graded material (FGM) has grown enormously. The progress made in understanding this material has been phenomenal. One great advantage of FGM is that the properties vary gradually in a continuous manner within the material so that there is no abrupt change or mismatch of the properties which can cause delamination or other problems generally associated with fibre-reinforced composites. Thus, FGM can be designed in a way to have the properties of ceramic at one end and those of metal at the other so that the thermal resistance of ceramic and the mechanical behaviour of metal can be exploited to advantage to guarantee structural integrity. Consequent on this, researchers have been continually motivated to use various techniques and methodologies to deal with this exciting material in order to enhance its state-of-the-art. There are now excellent books [1] [2] [3] [4] Foremost amongst these are the applications of direct analytical procedure using the governing differential equations of motion [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , finite element [20] [21] [22] , Rayleigh-Ritz [23] , finite volume [24] [25] [26] , differential quadrature [27] , differential transformation [27, 28] and transfer function [29, 30] methods. Recently the dynamic stiffness method (DSM) has also been proposed [31, 32] . The current paper stems from the previously published DSM theories. The entire formulation using DSM in this paper is accomplished in the real domain as opposed to previous formulations which used complex arithmetic when developing the element dynamic stiffness matrices [31, 32] . Another important further development reported in this paper is the derivation of explicit algebraic expressions for the dynamic stiffness elements using symbolic computation [33] [34] [35] . The explicit expressions for the dynamic stiffness elements are particularly useful in optimisation studies and also when some, but not all of the stiffnesses are needed. Of particular significance of this investigation is the application of DSM to analyse the free vibration characteristics of stepped FGBs and frameworks containing FGBs. The substantial advantages of the DSM over the conventional finite element method (FEM) are well known [36] [37] [38] . The DSM is often called an exact method because in sharp contrast to chosen approximate shape function assumed in the FEM, the DSM uses exact shape function obtained from the analytical solution of the governing differential equation of motion of the structural element in free vibration. The uncompromising accuracy of the DSM in all frequency ranges and its independency on the number of elements used in the analysis makes it particularly appealing in free vibration analysis. Within this pretext, the application of the DSM in the free vibration analysis of FGBs and frameworks containing FGBs is considered to be a welcome development. The solution technique used in the DSM is robust, particularly when the well-established algorithm of Wittrick and Williams [39] , known as WittrickWilliams algorithm in the literature, is applied. The algorithm ensures that no natural frequency of the structure is missed, and it has featured in literally hundreds of papers. It is worth noting that earlier investigations on the free vibration of FGBs were focused on individual FGBs except for a few isolated cases where stepped FGBs with collinear axes were reported [40, 41] . Accordingly, the literature on the free vibration of frameworks containing FGBs is virtually non-existent. One of the essential purposes of this paper is to fill this gap.
Theory
In a right-handed Cartesian coordinate system, Fig. 1 shows a uniform rectangular crosssection FGB of length L, width b and thickness h. The beam material has Young's Modulus E and mass density ρ which can vary through the thickness direction (Z) of the cross-section according to the following power law distribution [14, 17, 30, 32] :
where t E and b E are the Young's moduli, and t ρ and b ρ are the densities at the top and bottom surfaces of the beam, respectively.
is the power law index parameter which indicates the material property variation through the beam thickness. The parameter k has been extensively discussed in the literature [14] [15] [16] [17] [18] [19] and hence it is not elaborated here. However, three special cases maybe 
Governing differential equations of motion and solution
The classical Bernoulli-Euler theory is considered here so that the effects of shear deformation and rotary inertia that are relevant to the Timoshenko beam theory are assumed to be small and hence disregarded in the analysis. Referring to Fig. 1 w along the X, Y and Z directions of a point on the cross-section are given by [6, 30, 32] :
where v and w are the corresponding displacements of a point on the neutral axis of the beam. It should be noted that due to the variation of the material properties through the thickness, the neutral axis would no longer be at the central line of the beam cross-section [42, 43] .
Using the displacement field given by Eq. (2) and through the application of Hamilton's principle, the governing differential equations of motion in free vibration of the FGB are given by [30, 32] 0 0
where
The natural boundary conditions from the Hamiltonian formulation [30, 32] give the following expressions for axial force F , shear force S and bending moment M as follows:
Clearly, due to the use of FGM, the axial ( v ) and bending motions ( w ) are coupled as evident from Eqs. (3) and (5).
Assuming harmonic oscillation so that
where is the angular or circular frequency, and are the amplitudes of v and w , respectively.
and the non-dimensional length ξ as:
The differential equations of motion in Eqs. (3) can now be written as: 
By combining the above two differential equations, it is possible to obtain a sixth order ordinary differential equation satisfying both ) (ξ V and ) (ξ W to give: 
Equation (12) can be reduced to a cubic equation to give
Equation (13) can now be solved analytically for µ using standard procedure [44] . In earlier investigations [30, 32] , it was assumed that the square root of the three roots of the cubic in Eq. (13) 
are two sets of constants which could be possibly complex.
Clearly a method utilising Eq. (15) as the solution to derive the dynamic stiffness matrix will involve numerical operations using complex arithmetic. This cumbersome and somehow computationally inefficient procedure is circumvented in this paper.
Using an approach similar to the one described in Refs [45, 46] , it can be shown that the three roots of the cubic equation Eq. (13) 
The two different sets of constants 1 − 6 and 1 − 6 can be related with the help of any one of the two of Eqs. (8) to give , , ,
With the help of Eqs. (5), (20) and (21), the expressions for bending rotation ( ), axial force F(ξ), bending moment ( ), and shear force ( ) can be obtained after some simplification, 
where 0 2 1 0 
Dynamic Stiffness Formulation
The dynamic stiffness matrix of the FGB can now be formulated by applying natural boundary conditions for displacements and forces at the ends of the beam. Referring to the sign convention for positive axial force, shear force and bending moment shown in Fig. 2 , the boundary conditions for displacements and forces, see Fig. 3 , are:
The displacement vector δ and the force vector P can be expressed as:
where the upper script T denotes a transpose.
The relationship between the displacement δ and the constant vector R can be obtained by using Eqs. (20)- (24) and Eqs. (31)- (32) to give,
where 
By eliminating the constant vector R from Eqs. (34) and (37), P and δ can be related to give the dynamic stiffness matrix relationship of the FGB as
is the required dynamic stiffness matrix with elements kij (i = 1, 2, 3..6; j=1,2, 3,..6).
With the help of symbolic computation [33] [34] [35] , the matrix B of Eq. (35) The twelve independent terms of the dynamic stiffness matrix K are given by 1  2  1  2  1  2   3  1  3  2  2  1  2  3  2  2  2  1 (44)
The above 6×6 frequency dependent dynamic stiffness matrix K of Eq. (40) can now be used to compute the natural frequencies and mode shapes of either an individual FGB or an assembly of FGBs for different boundary conditions. A reliable and accurate method of solving the problem is to apply the Wittrick-Williams algorithm [39] which is well suited for the application of DSM. The algorithm uses the Sturm sequence property of the dynamic stiffness matrix to ensure that no natural frequencies of the structure analysed are missed. The Wittrick-Williams algorithm has featured in hundreds of papers in the literature and its details are not repeated here. Basically the algorithm [39] gives the number of natural frequencies of a structure that lie below an arbitrarily chosen trial frequency specified by the user. As successive trial frequencies can be chosen by the user, this simple feature of the algorithm can be exploited to bracket any natural frequency between its upper and lower bounds to any desired accuracy. The results given in the next section were computed by applying the Wittrick-Williams algorithm as the customary solution technique.
Results and discussions
The first set of results was obtained for a uniform FGB with different boundary conditions with the letters C, F and S denoting clamped, free and simple-support at each end of the beam.
Four classical boundary conditions are investigated, namely, clamped-free (C-F), simplysupported (S-S), clamped-simply support (C-S) and clamped-clamped (C-C). The simple support (S) boundary condition is assumed to be equivalent to a pinned support which prevents both flexural and axial displacements. A wide range of investigations was carried out by varying the length to thickness ratio (L/h) and the power law index k of the FGB which controls the material property distribution through thickness. However, the authors have been highly selective when presenting the results because existing literature already covers a huge amount of data for natural frequencies and mode shapes with the variations of L/h and k, see for example Ref. [30] . For presentational purposes, only the results for L/h =10 and k = 0.5 have been used in this paper, but the theory has been extensively validated against published results.
In order to make the results universal and also to be consistent with the published results, the following non-dimensional natural frequency parameter is defined
where is the i th angular natural frequency in rad/s, b ρ and b E are density and Young's modulus of the bottom surface of the FGB. Table. 1 shows the first five natural frequencies of the FGB with L/h = 10 and k = 0.5 for C-F, S-S, C-S and C-C boundary conditions alongside the results reported in a recently published paper [30] . The close agreement between the results from the current investigation and the published ones is clearly evident. The maximum discrepancy between the two sets of results is less than 4%. The corresponding mode shapes shown in Fig. 4 , reveal that for the C-F and C-C boundary conditions, the first, second, fourth and fifth modes are essentially bending modes whereas the third one is axial. By contrast, for the S-S and C-S boundary conditions, the first, second, third and fifth modes are basically bending modes and the fourth one axial.
The next set of results was obtained for a stepped beam (see Fig. 5 ) made of FGM, for which some comparative results are available in the literature. The DSM theory developed in this paper can easily account for such problems with any step location, thickness variation and boundary conditions. However, for brevity only the results for a cantilever (C-F) stepped FGB i ω with step locations L1 = 0.25L, L1 = 0.5L and L1 = 0.75L (see Fig. 5 ) and the power law index k = 0.5 are presented in Table. 2 together with the published results [41] . Note that for consistency, FGM type -II of Ref. [41] is used so that the results are directly comparable.
Clearly, the results from the current investigation are in close agreement with those of [41] .
The final set of results was obtained for a portal frame consisting of three beam members AB, BC and CD as shown in Fig. 6 . The natural frequencies of this frame are available in the literature [47] The results of the investigation when all members of the portal frame (see Fig. 6 ) are metallic, are given in Table. 3 showing the first three non-dimensional natural frequencies of the frame when the points A and D are clamped (C-C) or simply-supported (S-S), together with the results reported in Ref. [47] . The agreement between the sets of results in Table. 3 is excellent. 
Conclusions
The dynamic stiffness matrix of a functionally graded beam is developed by deriving explicit expressions for the individual stiffness elements in explicit algebraic form. This is achieved through the application of symbolic computation. The dynamic stiffness theory is applied by using the Wittrick-Williams algorithm as solution technique to compute the natural frequencies and mode shapes of some representative problems of uniform functionally gradient beams, for which the material properties are considered to vary continuously in the thickness direction according to a power law distribution. A stepped beam made of functionally graded material is also investigated for its free vibration characteristics. The results show good agreement with published results. Importantly, the theory has been applied to study the free vibration behaviour of a portal frame with its constituent members made of both isotropic and functionally graded material (FGM). The investigation has shown that significant changes in the free vibration behaviour are possible when using FGM. The developed theory can be applied to analyse high-rise building structures made of FGM which has advantageous mechanical properties of metal and virtuous fire-resistant characteristics of ceramic and it is in this context, the investigation carried out is expected to be most useful.
